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(Y. Othmani).Starting from Eshelby’s solution of the equivalent inclusion problem, an approximate solution is proposed
in order to model interface debonding of a spherical inhomogeneity isolated in a uniform matrix. Both
phases are linear elastic but the interface traction-separation law is non-linear. A semi-analytical incre-
mental model is developed which is suitable for any type of loading. For computational efﬁciency, the
model relies on two simplifying assumptions: (i) the eigenstrain is uniform inside the inhomogeneity
and (ii) the interface compliance is averaged over inhomogeneity’s surface when computing the average
strain within the inhomogeneity. An extensive parametric study is conducted for three loading modes
and 144 combinations of non-dimensional parameters. The predictions are assessed against full-ﬁeld
ﬁnite element solutions based on two error measures of the mean stress ﬁeld inside the inhomogeneity.
The results show that the mean error value is acceptable in all cases and indicate the parameter ranges for
which the model is most accurate.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Mechanical behavior of inclusion-reinforced composites is af-
fected by the nature of the bond between the constituents (Duan
et al., 2007). The perfect bonding assumption, i.e. continuity of
the displacement and the traction vectors across the constituents
interfaces (Christensen, 1979), is sometimes an inappropriate ide-
alization (Mura and Furuhashi, 1984; Crouch and Mogilevskaya,
2006). Imperfect bonding may result either from the manufactur-
ing process or from damage development when the composite is
loaded. For linear elastic materials, it lowers the effective elastic
modulus. For example, in high explosive PBX9501, particle deb-
onding may reduce the bulk modulus by more than 40% (Tan
et al., 2005). For non-linear (e.g. plastic) material models, debond-
ing between harder and softer phases may be at the origin of micro
cracking, shear banding, or ductile damage (Smith et al., 1988). An-
other type of imperfect bonding is grain boundary sliding in certain
polycrystals or in granular media (Mura and Furuhashi, 1984).
When continuity of traction and displacement is fulﬁlled at the
constituents’ interfaces, the macroscopic mechanical response of
inclusion-reinforced composites may be predicted at low computa-
tional cost based on Eshelby’s equivalent inclusion method (Mura,
1987; Eshelby, 1957) combined with a mean ﬁeld homogenization
(MFH) scheme (e.g. Hill, 1965; Mori and Tanaka, 1973; Benveniste,ll rights reserved.
ain.be, yamen@lycos.com1987; Christensen, 1991). The outcome of such mean-ﬁeld model-
ing approaches both at the macroscopic level and at the phase
average level is often assessed based on full-ﬁeld, ﬁnite element
solutions obtained on single- or multi-inclusion unit cells (e.g. Gar-
boczi and Berryman, 2001).
Several studies in the literature have aimed at reproducing the
effect of imperfect bonding conditions between inclusions and
matrix on local stress ﬁelds (e.g. Mura and Furuhashi, 1984;
Ghahremani, 1980a,b; Hashin, 1991a) and on the overall elastic
properties of the composite (Tan et al., 2005; Benveniste, 1985;
Hashin, 1991b; Qu, 1993b). Mura and Furuhashi (1984), Mura et
al. (1985) and Jasiuk et al. (1987) treated the problem of an ellip-
soidal inclusion with free slip along the interface, subjected to a
uniform eigenstrain. They imposed continuity of normal displace-
ment (and traction) but vanishing shear stress along the interface.
The concept of imperfect interface was introduced and related to
continuity of traction across the interface and discontinuity of
displacement, including a possible displacement jump normal to
the interface. Linear traction-separation laws (or linear spring-type
cohesive laws) were considered ﬁrst. Hashin (1991a) has shown
that the strain and stress ﬁelds inside an inclusion are non-uniform
for linear spring imperfect interface. Benveniste (1985) has derived
the effective shear modulus of a particulate composite with linear
spring interface. Achenbach and Zhu (1989) have studied the effect
of linear spring interface parameters on the overall elastic moduli
of composite material. Sangani and Mo (1997) used a multipole
expansion method to compute the elastic interactions between
the spherical particles in an isotropic material. Nie and Basaran
Fig. 1. Illustration of the principle of superposition in the equivalent inclusion
problem. An ellipsoidal inhomogeneityX is embedded inside an inﬁnite matrix and
subjected to a far-ﬁeld strain increment de1ij . The interface @X is perfect in (a) and
imperfect in (b).
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ﬁlled acrylic composites with linear spring imperfect interface.
Qu (1993a) derived an explicit expression of the Eshelby tensor
for ellipsoidal inclusions with slightly weakened interfaces
through an iterative procedure whereas the case of spherical inho-
mogeneity subjected to an eigenstrain was treated by Zhong and
Meguid (1997). Qu’s modiﬁed Eshleby tensor (Qu, 1993a,b) was
used to investigate the overall creep response of short ﬁber rein-
forced composites (Schjudt and Pyrz, 2000) and also to predict
the effective elastic behavior of composites reinforced by spherical
inclusions (Lee and Pyo, 2007).
However, with spring-type models a fully debonded stage can-
not be reached. Hence, bilinear, trapezoidal, exponential and poly-
nomial cohesive laws (Barenblatt, 1962; Dugdale, 1960; Tvergaard,
1990; Needleman, 1990, 1992; Foulk et al., 2000; Geubelle, 1995;
Ortiz and Pandolﬁ, 1999) have been suggested, for example, in or-
der to model crack growth. Bilinear laws were used in the case of
solid propellants (Tan et al., 2005) and in titanium matrix compos-
ites reinforced by silicon carbide ﬁbers (Chandra et al., 2002).
As pointed out by Tan et al. (2005), a few analytical studies have
been developed for composites with nonlinear interface debond-
ing. Analytical models relying on nonlinear traction separation
laws were applied to unidirectional ﬁbers subjected to special
cases of loadings (Levy, 1996, 2000) whereas the case of multiple
spherical inclusions was modeled using either the dilute inclusion
solution or the Mori–Tanaka MFH scheme (Tan et al., 2005, 2006,
2007a,b). The latter studies however are speciﬁc to special cases
of loadings such as hydrostatic or uniaxial tension, and speciﬁc
to the special case of a bilinear cohesive law.
The present work aims to adapt Eshelby’s equivalent inclusion
solution in order to account for any type of nonlinear cohesive
law and any type of loading. An approximate analytical solution
is proposed in the case of an imperfectly bonded, spherical inho-
mogeneity isolated in an inﬁnite elastic matrix and subjected to
an arbitrary far-ﬁeld strain. The approximate solution relies on
the simplifying assumptions of a uniform eigenstrain inside the
inclusion and a uniform compliance of the interface. The modiﬁed
Eshelby tensor, accounting for nonlinear interface debonding, is
derived. Mathematical errors in the derivation of the modiﬁed
Eshelby tensor proposed by Qu (1993b) are detected and corrected.
The accuracy of the proposed model is assessed in an exhaustive
series of simulations comparing the model’s predictions against ﬁ-
nite element (FE) solutions of the single inclusion with an imper-
fect interface. It is demonstrated that the analytical model yields
valid predictions for many combinations of the traction-separation
law parameters and elastic constants of the two phases. The paper
is outlined as follows. The problem description, the proposed
extension of Eshelby’s solution and the ﬁnite element procedure
are presented in Section 2. The sensitivity analysis of model predic-
tions is presented in Section 3 and discussed in Section 4. Conclu-
sions are drawn in Section 5. Mathematical derivations are
presented in Appendices 1–3.
Index notation is used for denoting tensors and vectors. For
simplicity, vector may sometimes be denoted as u. Einstein’s con-
vention for the summation over repeated indices is used unless
otherwise indicated. Iijkl denotes the fourth order, symmetric
identity tensor and dij is Kronecker’s symbol. The volume average
of a quantity f over a volume V or a surface S is denoted hfiV and hfiS,
respectively.2. Model description
As depicted in Fig. 1a, we consider an ellipsoidal inhomogeneity
X embedded inside an inﬁnite uniformmatrix. Both the matrix and
the inhomogeneity have isotropic, linear elastic behavior but theirelastic stiffness operators C0ijkl and C
1
ijkl are different (where the
superscripts 0 and 1 correspond to the matrix and the inhomogene-
ity, respectively). Themodeling aims at predicting the average stress
inside X after each increment of the uniform far-ﬁeld strain de1ij .
The imperfect interface oX between the inhomogeneity and the
matrix is modeled by a surface layer of zero thickness across which
the traction is continuous but displacement may be discontinuous.
The interface traction Ti and displacement jump suit ¼ u0i  u1i
 
are
related to one another through a generalized cohesive law
(Chandra et al., 2002). As already proposed by Tijssens et al.
(2000), Tijssens et al. (2001), the normal and tangential compo-
nents of the displacement jump are independent, i.e. Tn depends
on sunt and Tt depends on sut t, where the subscripts n and t refer
to the normal and tangential directions. For modeling purposes,
the nonlinear cohesive law may be linearized during each time
step. Increments of displacement jump dsuit are then related to
increments of traction dTj through the compliance tensor gij. If ni
denotes the normal to the interface, one has:
dsuit ¼ gijdTj ¼ gijdr1jknk ð1Þ2.1. Approximate solution based on the equivalent inclusion method
In case of a perfect interface, i.e gij = 0, Eshelby’s treatment of
the equivalent inclusion problem (EIP) yields an exact solution.
The method depicted in Fig. 1a amounts to superpose to the far-
ﬁeld strain increment, de1ij , an increment of eigenstrain, deij, ap-
plied inside an inclusion X having the shape of the inhomogeneity
that it replaces and the elastic modulus C0ijkl of the matrix. The
increment of disturbance strain, decij, developing inside X is related
to the eigenstrain through the fourth-order Eshelby tensor Sijkl (e.g.
Nemat-Nasser and Hori, 1999):
decij ¼ 1=4½Wkijl þWkjil þWlijk þWljikC0klmndemn ¼ Sijmndemn ð2Þ
where
Wijkl ¼
Z
X
uij;klðx yÞdvðyÞ; ð3Þ
x, y are the positions of two points insideX and uij(x  y) is Green’s
tensor (Mura, 1987). As a uniform eigenstrain causes a uniform dis-
turbance strain, it is possible to select the increment of eigenstrain
in such a way as to fulﬁll stress equilibrium across the perfect
interface:
C1ijkl de
1
kl þ Sklmndemn
  ¼ C0ijkl de1kl þ Sklpqdepq  dekl  in X ð4Þ
When the interface between the matrix and the inhomogeneity is
imperfect, Eshelby’s solution of the EIP no longer applies. On the
one hand, the displacement jump contributes to the strain ﬁeld.
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form disturbance strain inside the inclusion. This was proven, for
instance, by Mura et al. (1985) for an ellipsoidal inhomogeneity
undergoing slip along the interface.
Hence, the EIP must be adapted and this is done while account-
ing for the fact that traction forces remain continuous across the
imperfect interface (e.g. Zhong and Meguid, 1997). The strain
increment inside the inclusion is this time computed as the sum
of three contributions (Fig. 1b). The ﬁrst and second contributions
are computed as if the interface was perfect and they stem, respec-
tively, from the far-ﬁeld strain and from an eigenstrain that has yet
to be computed. The third contribution originates from a displace-
ment jump imposed along the interface.
Focusing on the latter third contribution to the strain ﬁeld
(Fig. 1b), let us consider a displacement jump sut distributed over
@X. Somigliana’s displacement identity (Mura and Furuhashi,
1984; Asaro, 1975; Mogilevskaya and Crouch, 2007; Zhong and
Meguid, 1997) ensures that the displacement jump leaves @X free
from any tension if it induces a displacement ﬁeld which satisﬁes:
uDi ðxÞ ¼ 
Z
@X
C0mnklsultðyÞnkðyÞuim;nðx yÞdsðyÞ ð5Þ
where ni is the unit normal vector to @X. In the present study deal-
ing with traction separation laws, the displacement jump is related
to the local stress (1). Hence, every increment of stress distributed
over the imperfect interface causes the following increment in the
displacement gradient ﬁeld:
duDi;jðxÞ ¼ 
@
@xj
Z
@X
C0mnklglpðyÞdr1pqðyÞnqðyÞnkðyÞuim;nðx yÞdsðyÞ
ð6Þ
The resulting average strain increment in X is:
deDij ðxÞ
D E
X
¼ 1
2
hduDi;jiX þ duDj;i
D E
X
h i
ð7Þ
Solving the latter equation exactly is a difﬁcult task, since the stress
increment appearing inside the integral is a priori unknown. It
actually depends on the solution of the EIP that is sought. However,
the computational cost may be strongly reduced if the following
simplifying hypothesis is adopted: within the surface integral, one
replaces the local stress increment by its mean value over X. Such
simplifying hypothesis, which was already adopted by Qu
(1993b), leads to:
duDi;j
D E
X
’  @
@xj
Z
@X
C0mnklglpðyÞnqðyÞnkðyÞuim;nðxyÞdsðyÞ
 
X
dr1pq
D E
X
ð8Þ
Denoting de1ij
D E
X
the average strain increment over X, i.e. the sum
of the three contributions highlighted in (Fig. 1b), the average stress
increment inside the inclusion may be computed as:
dr1ij
D E
X
¼ C1ijkl de1kl
 	
X ¼ C
0
ijkl de
1
kl
 	
X  dekl
  ð9Þ
The latter, second equality deﬁnes the eigenstrain which, for sim-
plicity, is assumed uniform over X. Such eigenstrain ensures stress
equilibrium everywhere along the imperfect interface only if the
inclusion strain is uniform, i.e. only in case of a spherical inclusion
and a purely hydrostatic far-ﬁeld strain. In general situations, Eq.
(9) does not fulﬁll equilibrium everywhere. It is thus not an exact,
but rather an approximate, relation between the average stress
and strain increments. The average strain increment de1ij
D E
X
may
then be computed as the sum of the three contributions presented
in Fig. 1b:
de1ij
D E
X
¼ de1ij þ Sijkldekl  hCijmniX de1mn
 	
X  demn
  ð10ÞIn the right hand side of Eq. (10), the ﬁrst term is the far ﬁeld strain,
the second term results from the eigenstrain, and the third one,
from the displacement jump (Fig. 1b). The latter third term is ob-
tained by combining Eqs. (9) and (8), with:
hCijklðxÞiX ¼
1
2
hvijklðxÞiX þ hvjiklðxÞiX
h i
ð11Þ
and
vpquvðxÞ ¼ C0jkmsC0rauv
@
@xq
Z
@X
gsrðyÞnaðyÞnmðyÞupj;kðx yÞdsðyÞ ð12Þ
Leaving the computation of this term for later, we combine (9) and
(10) and obtain:
de1ij
D E
X
¼ A1ijklde1kl ð13Þ
with
A1ijkl ¼ Iuvij  SMuvrsC0rsmn
ð1Þ
C0mnij  C1mnij
 h ið1Þ
Ikluv þ Ckluvh iX½ ð1Þ
ð14Þ
The fourth order tensor A1ijkl is the strain concentration tensor of the
inclusion. The modiﬁed Eshelby tensor relates the average distur-
bance strain to the eigenstrain:
decuv
 	
X ¼ Iijuv þ hCijuviX

 1 Sijkl þ hCijkliX
 dekl ¼ SMuvkldekl ð15Þ
The concept of such a modiﬁed Eshelby tensor was ﬁrst introduced
by Qu (1993a,b), for the case of weakened interfaces with linear
debonding. Based on a mathematical formalism different than the
one presented here, Qu (1993a,b) derived the following expression
of the modiﬁed Eshelby tensor:
SQijkl ¼ Sijkl þ CQijpq
D E
X
½Ipqkl  Spqkl ð16Þ
and the corresponding strain concentration tensor of the inclusion
is (Qu and Cherkaoui, 2006):
A1Qijkl ¼ Iklij  SQklrsC0rspq
ð1Þ
C0pqij  C1pqij
 h ið1Þ
ð17Þ
The model proposed here can be adapted to the case of weakened
interface deﬁned by Qu (1993a). This implies that gij? 0 in the
expressions of the modiﬁed Eshelby tensor (15) and the strain con-
centration tensor (13). The expressions (15) and (16) are then
recovered since:
lim
gij!0
ðIijkl þ hCijkliXÞð1Þ ¼ Iijkl  hCijkliX ð18Þ
However, it turns out that the model developed in Qu (1993a,b) and
Qu and Cherkaoui (2006) relies on an erroneous computation of the
hCijkliX tensor. According to (11), the latter tensor is computed as
the volume average of the surface integral (computed over the
interface oX) of a function involving a derivative of the Green func-
tion. Qu (1993) simpliﬁed the calculation by permuting the deriva-
tion and ﬁrst integral operations and then also permuting the
surface and volume integrals. According to theorem of the differen-
tiation under the integral sign (Jost, 2005) and to Fubini’s theorem
(Rao, 1987; Taylor, 1985) such permutations are allowed only when
the integration volume is free from any singularity (illustrations are
given in Appendix 1). In (11), the integrand contains the gradient of
Green’s function which is singular when x = y. In other words, it is
singular along the imperfect interface and this forbids permutation
of the two integrals. It is shown in the next section that such mis-
take is detrimental already in the hydrostatic loading situation,
for which the model should be exact. To circumvent the problem,
an alternative solution is proposed here.
A third important difference of the present approach relative to
Qu’s (1993a) derivation is that the present model deals with
non-linear cohesive laws. This may be achieved at affordable
Fig. 2. Spherical inclusion with the new coordinates system.
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assumption. The integral in (11) is solved while replacing the local
interface compliance by its homogenized value over oX. At every
point y belonging to oX, the homogenized interface compliance
tensor is expressed as (Qu, 1993b):
gijðyÞ ¼ adij þ ðb aÞniðyÞnjðyÞ ð19Þ
where the compliances in the normal and tangential directions are
deﬁned as follows:
b ¼ @Tn
@sunt
 
@X
 ð1Þ
ð20Þ
a ¼ @Tt
@sutt
 
@X
 ð1Þ
ð21Þ
By substituting Eq. (19) into (12), one obtains:
hvpquvðxÞiX ¼ ahkpquvðxÞiX þ ðb aÞhKpquvðxÞiX ð22Þ
where
KpquvðxÞ ¼ C0jkmsC0rauv
@
@xq
Z
@X
nrðyÞnsðyÞnaðyÞnmðyÞupj;kðx yÞdsðyÞ
ð23Þ
and
kpquvðxÞ ¼ C0jkmsC0sauv
@
@xq
Z
@X
naðyÞnmðyÞupj;kðx yÞdsðyÞ ð24Þ
The latter integral can be derived from (23) by setting r = s. Thus,
the vpquv(x) tensor can be expressed in terms of the Kpquv(x) tensor.
Then, we get rid of the singularity of Green’s function along the
interface oX by relying on the Fourier transform. Let us call S1 the
unit sphere centered at the origin of n in Fourier space (Gao and
Ma, 2009). Following Mura (1987), if w = n/jnj, Green’s tensor
may be computed in the following way:
uijðx yÞ ¼
1
8p2
Z
S1
u^ijðwÞdððx yÞ wÞdsðwÞ ð25Þ
with d designating the Dirac delta function and
u^ijðwÞ ¼ 1l0
dij  ð3j0 þ l0Þð3j0 þ 4l0Þ
wiwj
 
ð26Þ
where l0 and j0 are the shear and bulk moduli of the matrix mate-
rial. Next, one substitutes (25) in (23). Since the singularity is
removed, the derivation and integration operations may be permu-
tated, leading to:
KpquvðxÞ ¼ 18p2 C
0
jkmsC
0
rauv
Z
S1
u^pjðwÞ @
2wrsam
@xk@xq
dsðwÞ ð27Þ
with
wijpqðx;wÞ ¼
Z
@X
niðyÞnjðyÞnpðyÞnqðyÞdðx w y wÞ
h i
dsðyÞ ð28Þ
If the inclusion is a sphere of radius a, the unit normal to the surface
is ni = yi/a and the Dirac function in (28) is non-zero only if yi has the
form:
y ¼ R cosðhÞa1 þ R sinðhÞa2 þ ðx wÞw ð29Þ
where a1 and a2 are two unit vectors normal to w;R ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  z2
p
; z ¼ y w ¼ x w and the angle h is deﬁned in Fig. 2. The
elementary surface on oX is dS(y) = a  dh  dz and one derives:
wijpqðx;wÞ ¼
1
a3
Z a
a
dðx w zÞdz
Z 2p
0
yiyjypyqdh
 
ð30ÞFinally, after taking account of the isotropy of the elastic stiffness
tensor and after combining (22) and (11), a long algebraic develop-
ment detailed in Appendix 2, leads to the following ﬁnal result:
hCijkliX ¼ AI4ijkl þ BdklI2ij þ C dilI2kj þ djlI2ki
 
ð31Þ
where the expressions of A; B; C; I2ij; I
4
ijpq are the following:
A ¼ 110pa ½að6H  5Þl0 þ bð5ð2l0 þ 3j0Þ  Hð15j0 þ 16l0ÞÞ
B ¼ 110pa 2l0Haþ b 5 j0  23l0
 þ H 163 l0  5j0   
C ¼ al04pa
H ¼ ð3j0þl0Þð3j0þ4l0Þ
ð32Þ
and
I2ij ¼
R
S1
wiwjdsðwÞ ¼ 4p3 dij
I4ijpq ¼
R
S1
wiwjwpwqdsðwÞ ¼ 4p15 ½dipdjq þ djpdiq þ dpqdij
ð33Þ
By expressing the shear and bulk moduli of the matrix material (l0
and j0) as a function of Young’s modulus E0 and Poisson’s ratio m0,
the hCijkliX tensor is written in the following form:
hCijpqðxÞiX ¼
E0ð3aþ 2bÞð7 5m0Þ
150a 1 m20
  ðdipdjq þ diqdjpÞ
þ E0ð4bð3þ 5m0Þ  að7 5m0ÞÞ
75a 1 m20
  dijdpq ð34Þ
According to Qu (1993b) and Qu and Cherkaoui (2006), the hCijkliX
tensor for spherical inclusions is expressed as:
CQijpqðxÞ
D E
X
¼ SijmnC0klpq
a
2a
ðdmkdnl þ dmldnkÞ

þ ðb aÞ
5a
ðdmkdnl þ dmldnk þ dmndklÞ

ð35Þ
Replacing the stiffness tensor C0ijkl and the Eshelby tensor Sijmn by
their values (see Appendix 3), (35) becomes:
CQijpqðxÞ
D E
X
¼ E0ð4 5m0Þð3aþ2bÞ
75a 1 m20
  ðdipdjq þ diqdjpÞ
þ E0 2að1 2m0Þð45m0Þ  b 3þ34m0 5m
2
0
  
75að2m0 1Þ 1 m20
  dijdpq
ð36Þ
The two expressions of the hCijkliX tensor, proposed in (34) and (36),
are isotropic due to the spherical shape of the inclusions and they
are different of one another.
2.2. Solution based on the ﬁnite element method
In order to assess the approximate modeling approach pre-
sented in the previous section, one also computes a full-ﬁeld solu-
Fig. 3. (a) The ﬁnite element mesh used during the simulations. (b) The mesh of the
cohesive zone. (c) The mesh of the inhomogeneity.
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ment code (ABAQUS User Manual, 2009) is used for that purpose.
The imperfect interface between the spherical inhomogeneity
and the surrounding matrix is modeled using available cohesive
zone elements. The average stress of the inhomogeneity is com-
puted based on a weighted average of the stress values obtained
at the integration points.
It was checked that the single inclusion solution is closely
approximated when the volume fraction of the inhomogeneity is
104 as represented in Fig. 3. One eighth of the inhomogeneity
and matrix is included in the mesh, which is acceptable if a cubic
unit cell is loaded under normal strains along directions shared
by two symmetry planes. Numerical convergence has been tested
for different numbers of elements. The selected ﬁnite element
mesh is reﬁned selectively near the interface. It consists of 7615
linear tetrahedral elements (C3D4) plus 827 linear wedge (6-
noded) cohesive elements (COH3D6) along the inhomogeneity/ma-
trix interface. Displacement boundary conditions are prescribed
perpendicular to the outer faces of the unit cell. These faces thus
remain ﬂat and orthogonal under loading.
As depicted in Fig. 4., where the subscript i is equal to n or t,
referring to the normal and tangential directions, respectively.
The cohesive law used in the numerical simulations is bilinear
and is expressed as (Chandra et al., 2002, Tan et al., 2007):
Ti ¼ krsuit suit<rmax=kr
Ti ¼ ð1þ ~kr=krÞrmax ~krsuit rmax=kr < suit<rmaxð1=krþ1=~krÞ
Ti ¼ 0 rmaxð1=krþ1=~krÞ< suit
8><
>:
ð37ÞFig. 4. Bilinear cohesive law describing the evolution of the interface tension Ti in
function of the displacement jump Dui. The subscript i stands for either the normal
or the tangential direction to the interface.rmax is the cohesive strength of the interface. The slope kr of the ris-
ing segment is deﬁned as kr = rmax/D0, where D0 is the displace-
ment jump corresponding to the cohesive strength, i.e. to damage
initiation. The softening part of the cohesive curve is characterized
by ~kr ¼ rmax=ðDc  D0Þ, where Dc is the displacement jump at com-
plete failure.3. Results
The problem under investigation may be fully described in
terms of six adimensional parameters. These parameters are cho-
sen as follows: the Poisson ratios of the matrix and inhomogeneity
(m0 and m1), the ratio of the two Young moduli (E1/E0), the interface
strength divided by the matrix Young modulus (rmax/E0), the inter-
face openings corresponding, respectively, to damage initiation or
to total decohesion divided by the inhomogeneity radius (D0/a
and Dc/a).
For any combination of the six parameters and for any cohesive
law, the strain ﬁeld inside the inhomogeneity is uniform under a
hydrostatic far-ﬁeld strain. In this case (only), the proposed incre-
mental model provides the exact solution of the problem (Fig. 5).
Indeed, the simplifying hypotheses of uniform eigenstrain and uni-
form interface compliance are then totally valid. As a sanity check,
hydrostatic loading has been simulated considering both the
bi-linear cohesive law (37) and an exponential law proposed, e.g.
by ABAQUS User Manual (2009). The cohesive and material
parameters used are: 1=kr ¼ 0:005 ½MPa=lmð1Þ; 1=~kr ¼ 0:045
½MPa=lmð1Þ; D0 ¼ 0:01 lm; E1 ¼ 78 GPa; E0 ¼ 10 GPa; m0 ¼ 0:4
and m1 = 0.3. Note that the model described in Qu (1993b) produces
inexact predictions already in such hydrostatic loading case, due to
errors in the mathematical derivation outlined in Section 2.1.
Three types of loading, other than the hydrostatic case, are con-
sidered next. The ﬁrst one is uniaxial tension: dr111 – 0; and
dr1ij ¼ 0 if ði; jÞ– 1;1ð Þ. The second one is equi-biaxial tension:
dr111 ¼ dr122 – 0; and dr1ij ¼ 0 for ði; jÞ– ð1;1Þ; ð2;2Þ. The third
one is plane strain elongation/ compression de111 ¼ de122 – 0;
de1ij ¼ 0 if ði; jÞ– ð1;1Þ; ð2;2Þ. Each loading mode involves a total
of 144 simulations corresponding to different combinations of
the six adimensional parameters. The values of the latter parame-
ters are listed in Table 1. They are selected in such a way that the
interface strength is always reached under small ( inﬁnitesimal)
far-ﬁeld strain. This implies that rmax/E0 6 102 and Dc/a 6 102.
The incremental semi-analytical model and the FE analysis are
compared on the basis of the average tensile stress in the inhomo-
geneity. The semi-analytical model prediction is successful in cer-
tain cases and less valid in others. Four illustrative examples are
presented in Fig. 6 where the average stress in the inhomogeneity
is plotted as a function of the far-ﬁeld strain. The stress tensor
averaged over the inhomogeneity and the far ﬁeld strain, areFig. 5. Evolution of normalized average stress in the inhomogeneity with macro-
scopic strain for different kinds of cohesive zone models for the case of hydrostatic
tension loading.
Table 1
Adimensional parameters used for the sensitivity analysis.
m0 m1 E1/E0 rmax/E0 D0/a Dc/a
0.2; 0.4 0.2; 0.4 1; 10; 102; 103 104; 103; 102 104; 103; 5  103 0.01
Fig. 7. Deﬁnition of two error measures between the proposed incremental model
and FE predictions.
Fig. 6. Illustration of successful (a, b) and less successful (c, d) simulations with the
proposed incremental model. (a) Equi-biaxial tension with E1/E0 = 1, m0 = 0.4,
m1 = 0.2, rmax/E0 = 102 and D0/a = 103. (b) Uniaxial tension with E1/E0 = 1,
m0 = 0.2, m1 = 0.4, rmax/E0 = 102 and D0/a = 5  103. (c) Equi-biaxial tension with
E1=E0 ¼ 1; m0 ¼ 0:4; m1 ¼ 0:2; rmax=E0 ¼ 103; D0=a ¼ 103; Dr^ ¼ 9:668 102
and DK=KFE ¼ 2:765 102. (d) Plane strain elongation/compression with
E1=E0 ¼ 101; m0 ¼ 0:2; m1 ¼ 0:2; rmax=E0 ¼ 102; D0=a ¼ 103; Dr^ ¼ 5:905 102
and DK=KFE ¼ 1:032 101.
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In the ﬁrst two examples (a) and (b), corresponding to equi-biaxial
and uniaxial tensions respectively, the semi-analytical model suc-
cessfully reproduces FE predictions. The initial linear stage and the
initiation of damage are properly predicted by both models be-
cause the stress ﬁeld is rather homogenous inside the inhomoge-
neity. Indeed, the same ﬁgure shows that the standard deviation
of the axial stress predicted by FE inside the inhomogeneity is al-
most nil until damage initiation. The sudden stress drop which fol-
lows indicates a rather brittle behavior of the interface with the
selected combination of parameters. The next two examples (c)
and (d) correspond to equi-biaxial tension and plane strain elonga-
tion/compression, respectively. The semi-analytical model predic-
tions are less successful in these cases because heterogeneity of
stress inside the inclusion arises before the interface strength is
reached, i.e. the simplifying hypotheses of uniform eigenstrain
and uniform compliance of the interface are rather inappropriate.
In order to compare the predictions of the MFH and FE models
in an automatic and systematic manner, two error measures are
deﬁned (Fig. 7). The ﬁrst one, denoted Dr^, is the difference be-
tween the maxima of the average stress component predicted in
the inclusion normalized by the maximum of stress predicted by
ﬁnite element simulation. The second error measure, DK/KFE, is
the difference between the initial slopes of the evolution of
hr11iX=rmax with the far ﬁeld strain e111, normalized by the initial
slope predicted by ﬁnite element simulation. The descending part
of the curves is not considered.
Results of the parametric study and their accuracy are shown in
Tables 2–4 for each loading case (uniaxial tension, biaxial tension
and plane strain deformation). The tables are to be read as follows.
The four columns present the average and the standard deviation
of the two error measures Dr^ and DK/KFE obtained in a set of
144 simulations. Those error measures are depicted in Fig. 7 and
are equal to the relative differences between reference FE results
and present model predictions. For each line, one adimensional
parameter is kept ﬁxed (to the value indicated) and the other
parameters are varied including all possible combinations of the
values listed in Table 1. The results presented in Tables 2–4 corre-
spond, respectively, to uniaxial tension, equi-biaxial tension and
plane strain deformation.
Let us analyze Table 2 in details. The next tables are to be inter-
preted similarly. The ﬁrst three lines correspond to ﬁxed values ofthe rmax/E0 parameter. Comparing these lines indicates that the
mean stress error Dr^ is always smaller than 15%, and decreases
down to 5% when the rmax/E0 ratio is raised. Similar observations
hold for the standard deviation of Dr^, which is smaller than 10%
except for the smallest value of rmax/E0. Considering now the pre-
diction of the stiffness, DK/KFE, we observe in the next columns
that, if we exclude the smallest value of rmax/E0, the mean error
is less than 2% and it decreases to almost 0%, whereas the standard
deviation remains constant at about 7%. The next three lines of the
Table refer to ﬁxed values of the D0/a parameter. Except for the
smallest values of D0/a, the mean stress error is less than 15%
and decreases to almost 0, while the standard deviation on the er-
ror remains almost constant at 15%. Regarding the initial stiffness,
the mean error increases with D0/a but remains lower than 17%,
while the standard deviation is about10%. Moving on to the simu-
lations involving a ﬁxed K1/K0 value, we see that both the mean
and the standard deviation of the stress errors are almost constant
at about 17% and 15%, respectively. The mean value and the stan-
dard deviation of the initial stiffness errors are also almost con-
stant at 5% and 15%, respectively. The last three lines of the table
show the error variations obtained when the l1/l0 ratio takes ﬁxed
values. The conclusions are similar as for the K1/K0 ration except
that the accuracy of the predictions is slightly better.4. Discussion
The mathematical developments of Section 2 presented an
extension of Eshelby’s single inclusion solution to the case of
imperfect bonding of the constituents when both phases are linear
elastic. The present model brings a signiﬁcant improvement over
Table 2
Illustration of the inﬂuence of the adimensional parameter values on the accuracy of the proposed incremental model prediction
of the maximum stress and the initial slope for uniaxial tension.
Dr^ stdevðDr^Þ DK/KFE stdev(DK/KFE)
rmax/E0 104 0.14 0.14 0.13 0.14
103 0.13 0.09 0.02 0.08
102 0.05 0.05 0.00 0.08
D0/a 104 0.21 0.20 0.02 0.08
103 0.13 0.15 0.02 0.08
5  103 0.00 0.14 0.13 0.13
K1/K0 10 0.17 0.15 0.05 0.14
102 0.17 0.15 0.05 0.14
103 0.17 0.14 0.05 0.14
l1/l0 10 0.13 0.11 0.05 0.10
102 0.13 0.11 0.05 0.10
103 0.15 0.12 0.02 0.13
Table 3
Illustration of the inﬂuence of the adimensional parameter values on the accuracy of the proposed incremental model prediction
of the maximum stress and the initial slope for equibiaxial tension.
Dr^ stdevðDr^Þ DK/KFE stdev(DK/KFE)
rmax/E0 104 0.08 0.14 0.12 0.11
103 0.06 0.11 0.03 0.05
102 0.00 0.02 0.00 0.05
D0/a 104 0.08 0.07 0.02 0.07
103 0.03 0.06 0.01 0.07
5  103 0.01 0.05 0.12 0.12
K1/K0 10 0.06 0.08 0.03 0.10
102 0.06 0.08 0.03 0.10
103 0.05 0.07 0.03 0.11
l1/l0 10 0.03 0.05 0.05 0.09
102 0.03 0.05 0.05 0.09
103 0.05 0.07 0.02 0.12
Table 4
Illustration of the inﬂuence of the adimensional parameter values on the accuracy of the proposed incremental model prediction
of the maximum stress and the initial slope for plane strain elongation/compression.
Dr^ stdevðDr^Þ DK/KFE stdev(DK/KFE)
rmax/E0 104 0.08 0.10 0.19 0.17
103 0.05 0.07 0.06 0.10
102 0.00 0.01 0.00 0.06
D0/a 104 0.09 0.09 0.04 0.08
103 0.04 0.06 0.03 0.09
5  103 0.01 0.03 0.17 0.17
K1/K0 10 0.06 0.08 0.07 0.13
102 0.06 0.08 0.07 0.13
103 0.06 0.08 0.06 0.14
l1/l0 10 0.06 0.06 0.07 0.13
102 0.05 0.06 0.06 0.14
103 0.06 0.08 0.03 0.17
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posed incremental formulation is able to handle any nonlinear
cohesive zone model and is not restricted to a linear spring-type
separation law. Secondly, errors in the mathematical develop-
ments of Qu (1993a,b) were detected and corrected (Section 2.1
and Appendices 1 and 2). Thirdly, and unlike the latter reference,
the proposed model yields the exact solution when the far-ﬁeld
loading is hydrostatic (Fig. 5). This makes the model suitable for
the prediction of interface decohesion in crack propagation studies.
Indeed, ahead of a crack tip, the stress triaxiality (ratio of the
hydrostatic and von Mises stresses) is large. Moreover, an exhaus-
tive parameter study was carried out (Section 3) which shows thatthe model provides useful predictions also under other loading
modes.
The accuracy of the model was assessed by measuring the rela-
tive differences between the predictions and reference ﬁnite ele-
ment (FE) results. Attention was drawn on two indicators: the
peak mean stress in the inhomogeneity and the initial bonding
stiffness. An extensive parametric analysis depending on 6 non-
dimensional parameters was conducted and numerical predictions
for 3 loadings presented. For each loading and each parameter,
numerous simulations corresponding to all combinations of the
other parameters were run. For each simulation, the two error indi-
cators were computed. Next, two statistical measures of the errors
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reported in Tables 2–4. The results show that the mean value of er-
rors in all cases is acceptable (less than 10% in most cases). How-
ever, the standard deviation of errors usually shows a signiﬁcant
scatter around the mean error value. Also, the results are more
accurate in the case of equibiaxial tension than under uniaxial ten-
sion or plane strain deformation. Therefore, the model is rather
accurate ‘‘in average’’, but its actual accuracy depends on both
the loading mode and the parameters. For all three loadings, the
accuracy is improved with increasing values of the following adi-
mensional parameters: rmax/E0, D0/a, K1/K0 and l1/l0 (with only
one exception: the error on initial stiffness as a function of the
damage initiation opening D0/a). Developing a computationally
affordable theory imposed adopting rather crude simplifying
assumptions which are discussed hereafter.
As demonstrated by FE modeling, when the interface between
the matrix and the inclusion is imperfect, the stress distribution
is heterogeneous inside the inclusion. Unlike Eshelby’s original
solution of the EIP (equivalent inclusion problem), stress equilib-
rium across the imperfect interface may no longer be fulﬁlled using
a uniform eigenstrain. As the computational cost of estimating a
suitable distribution of the eigenstrain is prohibitive, various
authors (Mura, 1987; Zhong and Meguid, 1997) have suggested
using polynomial estimates. The strategy adopted here is simpler:
on the one hand, the proposed model replaces the unknown eigen-
strain distribution by its volume average, on the other hand, the
average stress tensor inside the inclusion is used instead of the real
stress distribution along the interface when applying Somigliana’s
identity to compute the effect of the displacement jump on the
phase averages of the strain ﬁeld. According to the results pre-
sented in Tables 2–4, neglecting stress and strain heterogeneity
in the inclusion is more problematic in the case of uniaxial tension
than in the case of equi-biaxial tension.
The third simplifying assumption of the proposed model was to
rely on a homogenized value of the interface compliance in order
to compute the hCpquv iX tensor in Eq. (10). This is done in spite of
the fact that the distribution of the interface opening is computed
at every time step. In order to exploit such distribution, it should
be ﬁtted with an analytical expression that should still allow fast
computation of the Fourier transform. This might be pursued as a
continuation of the present study. However, the effect of the third
simplifying assumption on the accuracy of the predictions is not
clear.
Another extension of the model would be necessary in order to
treat inclusions with an elongated shape instead of the sphere con-
sidered here. In the case of ellipsoidal inclusions, one should gen-
eralize the integration of hCpquv iX over an ellipsoidal domain
rather than a sphere.
The model proposed here can be used for the simulation of par-
ticle-reinforced composites. For small volume fraction of inclu-
sions, a dilute inclusion scheme can use the present EIP solution
directly. However, in order to account for the interaction of neigh-
boring inclusions, one should develop either an extended Mori–Ta-
naka scheme or a self-consistent one. Both models use the EIP
solution, with appropriate assumptions on the reference matrix
material and the far-ﬁeld strain. This development will be reported
in a future publication.5. Conclusion
In this paper, a generalization of Eshelby solution to the case
of nonlinear interface debonding has been developed and as-
sessed based on FE modeling of the single inclusion problem.
The proposed model gives the exact solution for the case of
hydrostatic loading under any kind of cohesive zone model.For other loading modes, the model yields an approximate solu-
tion since it considers a uniform eigenstrain and replaces the
compliance of the interface by its homogenized value. A sensitiv-
ity analysis has been carried out based on the deﬁnition of six
non-dimensional parameters as well as a systematic comparison
of the predictions to reference FE results based on two error
indicators. It turns out that the mean value of errors in all cases
is acceptable, but the standard deviation usually exhibits a sig-
niﬁcant scatter around the mean error value. Also, the accuracy
of equibiaxial tension predictions is better than that for uniaxial
tension or plane strain deformation. Moreover, the predictions
are improved when increasing the following adimensional
parameters: rmax/E0, D0/a, K1/K0 and l1/l0.
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through the contract FRFC-2.4502.05 with FNRS.Appendix 1. The reason why tensor hKpquv ðxÞiX is erroneous in
Qu (1993a,b)
In order to compute the fourth order tensor hCijkliX deﬁned in
(11), Qu (1993b) and Qu and Cherkaoui (2006) followed the follow-
ing steps: ﬁrst, in Eq. (12), the derivative of the Green function rel-
ative to the displacement ﬁeld was permutated with the surface
integral over the interface oX, leading to:
CQpquvðxÞ
D E
X
¼ 1
X
Z
X
C0jkmsC
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dvðxÞ ð38Þ
Then, a second permutation was made, this time between the sur-
face and volume integrals:
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Finally, using the deﬁnition of Eshelby’s tensor:
Spqms ¼ C0jkms
Z
X
1
4
ðupj;kqðx yÞ þuqj;kpðx yÞ þupk;jqðx yÞ

þuqk;jpðx yÞÞ
i
dvðxÞ ð40Þ
Eq. (39) was expressed as:
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@X
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" #
dsðyÞ
ð41Þ
This expression differs from the expression derived in the present
study (31). Eq. (41) is erroneous because the singularity of the
gradient of Green’s function along the matrix–inclusion interface
(oX) forbids permutations of integrals and derivatives.
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In this appendix, we detail the computation of the average over
X of tensor Kpquv given in (23). Integration of (30) allows express-
ing wijpq(x,w) as:
wijpqðx;wÞ¼
p
a3
1
4ða2ðx wÞ2Þ2 J4ijpq Iwijpqþ3wiwjwpwq
 
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2
64
3
75
ð42Þ
where
J4ijpq ¼ dipdjq þ djpdiq þ dpqdij
Iwijpq ¼ dijwpwq þ dipwjwq þ dqjwpwi þ djpwiwq þ diqwpwj þ dpqwiwj
ð43Þ
After permutating the surface and volume integrals (the permuta-
tion is allowed because the singularity disappears in Fourier space),
the average over X of the Kpquv(x) tensor in Eq. (27) is given by:
KpquvðxÞ
 	
X ¼
3
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0
rauv
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Z
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Z
X
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dXðxÞ
" #
dsðwÞ ð44Þ
The volume integral in (44) is computed as follows:
Z
X
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h i
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The expressions of tensors Mijpq and Nijpq are:
Mijpq ¼ 3J4ijpq  15Iwijpq þ 105wiwjwpwq
h i
Nijpq ¼ 3Iwijpq  J4ijpq  15wiwjwpwq
h i ð46Þ
After integration of (45) and (44) becomes:
hKpquvðxÞiX ¼
3
4pa
C0jkmsC
0
rauv

Z
S1
u^pjðwÞ wrwswawm  115 J
4
rsam
 
wkwqdsðwÞ ð47Þ
Finally, accounting for the isotropy of the stiffness operators and
computing the last integral, leads to (31).Appendix 3. Expressions of the classical Eshelby tensor for
spherical inclusions and the isotropic, linear elastic stiffness
operator
The expression the isotropic and linear elastic stiffness tensor
C0ijkl, is given by:
C0ijkl ¼ ðj0  2=3l0Þdijdkl þ l0ðdikdjl þ dildjkÞ ð48Þ
The expression of the classical Eshelby tensor for spherical inclu-
sions is given by:
Sijkl ¼ j0ð3j0 þ 4l0Þ
dijdkl þ 3ðj0 þ 2l0Þ5ð3j0 þ 4l0Þ
ðdikdjl þ dildjk  2=3dijdklÞ
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